We address the issue of testing experimentally the thermodynamic arrow of time by using a nuclear magnetic resonance set-up that allows for the determination of the nonequilibrium entropy produced in an isolated spin-1/2 system following fast quenches of an external magnetic field. We demonstrate that the macroscopic average entropy production equals the entropic distance between a microscopic process and its time-reversal. This thus establishes a microscopic foundation of irreversibility beyond the linear response regime and quantifies the physical origin of the arrow of time in a quantum setting.
Irreversibility is one of the most intriguing concepts in physics. While the microscopic laws of classical and quantum mechanics are time symmetric, and hence reversible, macroscopic phenomena are not time-reversal invariant 1, 2 . This fundamental asymmetry defines a preferred direction of time that is characterized by a mean entropy production that, regardless of the details and nature of the evolution at hand, is bound to be positive by the second law of thermodynamics 3 . Since its introduction by Eddington 4 in 1927, the thermodynamic arrow of time has not been tested experimentally at the level of a single quantum system. In this paper, using an NMR set-up 1 , we measure the nonequilibrium entropy produced in an isolated spin-1/2 system following fast quenches of an external magnetic field. We demonstrate that the macroscopic average entropy production is equal to the entropic distance, quantified by the Kullback-Leibler divergence, between a microscopic process and its time-reverse. We thus contribute to the ongoing investigation on the characterisation of irreversibility, which has recently seen the demonstration of a quantumlevel information-to-energy conversion process 6 , by providing a study that goes explicitly beyond the linear response regime, at the same time elucidating and quantifying the physical origin of the arrow of time in a quantum setting.
According to the second law of thermodynamics, macroscopic irreversible behavior is associated with a positive mean entropy production. Introduced by Clausius in the form of an uncompensated heat, the importance of the entropy production in nonequilibrium statistical physics has been recognized by Onsager and further developed by Meixner, de Groot and Prigogine 7 . Defined as Σ = β(W − ∆F), for a system at constant inverse temperature β = 1/(k B T ), where W is the total work done on the system and ∆F the free energy difference (k B is the Boltzmann constant), it plays an essential role in the evaluation of the efficiency of thermal machines, from molecular motors to car engines 3 . Starting with Boltzmann's work on the so-called Htheorem, the quest for a general microscopic expression for the entropy production, especially far from equilibrium, has been a challenge for more than a century 1 . In the last years, formulas for the entropy production and entropy production rate in terms of the microscopic density operator ρ of the system have been obtained for relaxation 8 , transport 9 , and driven processes in closed and open quantum systems 8, 11 . At the same time, the recent development of fluctuation theorems 5, 6 has led to a sharpening of the formulation of the second law. In small systems, thermal and quantum fluctuations are both significant and fluctuation theorems quantify the occurrence of negative entropy production events during individual processes 7 . In particular, the average entropy production has been related to the Kullback-Leibler relative entropy between states ρ F t and ρ B τ−t along the forward and backward (i.e. time reversed) dynamics [14] [15] [16] (see Fig. 1 ),
The above equation quantifies irreversibility at the microscopic quantum level and for the most general dynamical process responsible for the evolution of a driven closed system. A process is thus reversible if forward and backward microscopic dynamics are undistinguishable. Nonequilibrium entropy production and its fluctuations have been measured in various classical systems, ranging from biomolecules 18 and colloidal particles 19 to levitated nanoparticles 20 (see refs. 21, 22 for a review). Evidence for time asymmetry has been further Figure 1 . A quantum system is initially prepared in a thermal state ρ eq 0 at inverse temperature β (for H F 0 ). It is driven by a fast quench into the nonequilibrium state ρ F τ = U τ ρ eq 0 U † τ along a forward protocol described by the Hamiltonian H F t . In the backward process, the system starts in the equilibrium state ρ eq τ corresponding to the final Hamiltonian H observed for a driven classical Brownian particle and its electrical counterpart 23 . However, quantum experiments have remained elusive so far, owing to the difficulty to measure thermodynamic quantities in the quantum regime. To date, Eq. (1) has thus never been tested.
In order to investigate the physical origin of irreversibility, we consider a nuclear spin-1/2 system ( 13 C in a chloroform molecule liquid sample), initially prepared in a thermal state ρ eq 0 at inverse temperature β. The system is driven out of equilibrium to the state ρ F τ by a fast quench of its Hamiltonian (denoted as H F t in this forward process) lasting a time τ. We experimentally realize this quench by a transverse timemodulated radio-frequency (rf) field set at the frequency of the nuclear spin (see Appendices). We study processes of maximal duration τ ∼ 10 −4 s, which is much shorter than any relevant decoherence time of the system (a few seconds). The dynamics of the spin is therefore unitary to a very good degree of accuracy. We implement the backward process, shown in Fig.  1 , by driving the system with the time-reversed Hamiltonian, 
Equation (2) characterizes the positive and negative fluctuations of the quantum work W along single realizations. It holds for any driving protocol, even beyond the linear response regime, and is a generalization of the second law to which it reduces on average, β( W − ∆F) ≥ 0. We experimentally verify the arrow of time expressed by Eq. (1) by determining both sides of the equation independently. We first evaluate the Kullback-Leibler relative entropy between forward and backward dynamics by tracking the state of the spin-1/2 at any time t with the help of quantum state tomography 1 . Figure 2 shows reconstructed trajectories followed by the Bloch vector, for both forward and backward processes, for different quench times. As a second step, we measure the probability distribution P(Σ) of the irreversible entropy production using the Tasaki-Crooks relation (2). Employing NMR spectroscopy 1 and the method described in refs. [9] [10] [11] (see Supplementary Information), we determine the forward and backward work distributions, P F,B (W), from which we extract β, W and ∆F, and hence the entropy produced during each process. The measured nonequilibrium entropy distribution is shown in Fig. 3 . It is discrete as expected for a quantum system. We further observe that both positive and negative values occur owing to the stochastic nature of the problem. However, the mean entropy production is positive (red line) in full agreement with the Clausius inequality, Σ ≥ 0, for an isolated system. We have thus directly verified one of the fundamental expressions of the second law of thermodynamics at the level of an isolated quantum system 3 . A comparison of the mean entropy production with the Kullback-Leibler relative entropy between forward and backward states is displayed in Fig. 4 as a function of the quench time. We observe good agreement between the two quantities within experimental errors that are due to inhomogeneities in the driving rf-field and to non-idealities of the field modulation. These results provide a first experimental confirmation of Eq. (1) and the direct verification of the thermodynamic arrow of time in a driven quantum system.
In the linear response regime 3 , Onsager has derived generic expressions for the entropy production which form the backbone of standard nonequilibrium thermodynamics. These results are, however, limited to systems that are driven close to thermal equilibrium. By contrast, Eq. (1) holds for any driving protocol and thus arbitrarily far from equilibrium. In order to check the general validity of Eq. (1), we use the linear response (LR) approximation of the mean work 18 , W LR = ∆F + β∆W 2 /2, where ∆W 2 is the variance of the work, to obtain the mean entropy production Σ LR = β 2 ∆W 2 /2. Figure 5 shows the experimental values of Σ and Σ LR as a function of the quench duration. We note that the measured irreversible entropy production Σ is distinct from its linear response approximation Σ LR , the difference being more pronounced for fast quenches (small τ), as expected. Figure 5 thus clearly demonstrates that the quenches implemented in the experiment are performed in the nonlinear response regime. We ad- ditionally mention that we achieve good agreement between experimental data (dots) and numerical simulations (dashed lines) (see Supplementary Information).
Let us finally discuss the physical origin of time asymmetry in a closed quantum system with unitary dynamics. Using an argument put forward by Loschmidt in the classical context, its time evolution should in principle be fully reversible 1 . As already remarked by Boltzmann, however, any practical attempt to reverse its motion is necessarily accompanied by experimental imperfections that inevitably lead to a de facto irreversible dynamics 1 . On the other hand, this does not explain how a unitary equation of motion, like the Schrödinger equation, can result in Eq. (1) that contains a strictly nonneg- ative relative entropy. The answer to such puzzling question lies in the choice of the initial condition which singles out a particular value of the entropy 1 . The dynamics can only be reversible for a genuine equilibrium process for which the initial thermodynamic entropy stays constant at all times. We use a liquid-state sample of 50 mg of 99% 13 C-labeled CHCl 3 (chloroform) diluted in 0.7 ml of 99.9% deutered Acetone-d6, in a flame sealed Wildmad LabGlass 5 mm tube. The measurements are carried out in a Varian 500 MHz Spectrometer using a doubleresonance probe-head equipped with a magnetic field gradient coil. We encode two qubits in the nuclear spins of 1 H and 13 C in our molecular sample 1, 3, 4 . The 1 H qubit is used as an ancillary system for the reconstruction of the work and entropy production statistics of the 13 C quenched dynamics, applying the methods described in the Supplementary Information. The chloroform sample can be regarded as a collection of identically prepared spin-1/2 systems 3 . The sample is placed in the presence of a longitudinal static magnetic field (whose direction is taken to be along the positive z axes) with strong intensity, B 0 ≈ 11.75 T. The 1 H and 13 C nuclear spins precess around B 0 with Larmor frequencies ω H /2π ≈ 500 MHz and ω C /2π ≈ 125 MHz, respectively. We control the system magnetization through rf-field pulses in the transverse (x and y) direction 4 . The initial thermal state of the 13 C nuclear spin is prepared by suitable sequences of transversal rf-field and longitudinal field-gradient pulses. We use the value k B T/h = 1.56 ± 0.07 kHz throughout the experiment for the initial 13 C nuclear spin thermal states. The spin-lattice relaxation times, measured by inversion recovery pulse sequence, are (T In a rotating frame at the spin Larmor frequency, the Hamiltonian regulating the forward process (on the Carbon nuclear spin) is 
I. SUPPLEMENTARY INFORMATION
In this Supplementary Information we provide some details of the experiment and theory to support the main text. We employ a 13 C labelled liquid-state chloroform sample to encode a two qubit system in the nuclear spins of 1 H and 13 C, through the framework of nuclear magnetic resonance (NMR) spectroscopy [1] [2] [3] [4] . The 1 H nuclear spin will be instrumental for our purposes, as the subsystem to be employed to monitor the energy fluctuations in the dynamics of the 13 C nuclear spin driven by a fast field quench. The driving protocol is implemented by a suitable modulation of a radio frequency (rf) transverse field, set at the resonance of 13 C nuclei, being described by the Hamiltonian (for the forward dynamics):
with σ C x,y,z the Pauli spin operators (for the Carbon nuclei), φ(t) = πt/(2τ), and ν(t) = ν 0 (1 − t/τ) + ν τ t/τ the (linear) modulation of the rf field over time τ, from value ν 0 = 1.0 kHz to ν τ = 1.8 kHz. This forward dynamics will be associated with the propagator U t (defined in the Appendices of the main text). In the backward protocol the rf field is modulated in order to produce the time-reversed interaction Hamiltonian, H B t = H F τ−t and the timereversed evolution V t .
Initial thermal state preparation
Preparation of the initial state can be done employing spatial averaging techniques, i.e., a combination of transverse rf pulses and longitudinal field gradients 1, 2 . Through this standard method, we prepared a joint pseudo pure state equivalent to |0 H 0| ⊗ ρ eq α for the Hydrogen and the Carbon nuclear spins, with α = 0, τ for the forward and backward protocols, respectively. We are using the logical representation of the ground (|0 ) and excited (|1 ) spin states. The Hydrogen nuclear spin is prepared in the ground state while the Carbon is effectively prepared in a thermal diagonal state ρ In all experiments we fixed the spin temperature of the Carbon in the initial Gibbs thermal distribution, such that k B T/h = 1.56 ± 0.07 kHz. The uncertainty in this value is obtained through a comparison of Carbon populations in a series of independent state preparation and quantum state tomography. The trace distance between the experimentally prepared initial state (ρ exp ) and the ideal Gibbs state (ρ ideal ), defined as δ ≡ tr |ρ exp − ρ ideal | 1 /2, is smaller than 0.03 for all prepared states, in other words a less than 3% chance to discriminate them.
Work and irreversible entropy distributions
The work performed on or by a closed quantum system undergoing a protocol (dictated by H F,B t ) is a stochastic variable 5, 6 . For a quasi-static and isothermal process, the average work equals the variation in free energy. On the other hand, in a scenario involving a non-quasistatic and driven closed system dynamics (as in our experiment), an amount of work may be done on the system above the variation in free energy. This introduces a dissipated work, W diss = W − ∆F ≥ 0, inherently linked to the irreversible nature of the process. Such irreversibility is associated to an entropy production 7, 8 ,
which is also a stochastic variable that depends on the work distribution, the net change in the system free energy, and the inverse temperature. So the entropy production probability distribution, P(Σ), is built upon the experimental assessment of all the mentioned variables. An important step in our experiment is the characterization of the probability distribution of work fluctuations during the quenched dynamics. Such a distribution is obtained using a Ramsey-like interferometric method [9] [10] [11] . This approach is based on the interferometric measurement of the characteristic function of the work distribution 12 , which can be written for the forward process (F) as
where p eq,0 n = e −β n /Z 0 is the initial occupation probability for the n-th eigenstate (|n 0 ) of H F 0 with energy n , while p
2 is the conditional transition probability to find the system in the m-th eigenstate (|m τ ) of H F τ (with energy m ) if it was previously in |n 0 at t = 0. The characteristic function can also be written as
The main idea of the protocol to reconstruct χ F (u) is to estimate the trace in Eq. (7) via an ancillary system, the Hydrogen nuclear spin in the present experiment. The NMR pulse sequence employed to perform such a task is depicted in fig. 6 . The ancillary system, initially prepared in the ground pseudo-pure state, is rotated to an equal-weighted superposition (equivalent to
2) in the grey box of fig. 6 . The Carbon nuclear spin is the driven system of our interest. For technical reasons (which will be clarified in what follows), the 13 C spin starts from a mixture of computational-basis (σ fig. 6 are a refocus strategy to mitigate the effects of the transverse relaxation. The quenched dynamics is a consequence of a suitable modulation (amplitude and phase) of a transverse rf field, which can be described by the Hamiltonian in Eq. (4) for the forward protocol. The final step of the algorithm is the measurement of the free induced decay (FID) signal of the Hydrogen nuclear spin. From this signal one can obtain the transverse magnetization, where the characteristic function is encoded as χ
Application of an inverse Fourier transform allows us to obtain the work distribution for the quenched dynamics. We have measured several experimental configurations, keeping fixed the initial spin temperature (given by the weights p eq,0(τ) n of the initial Carbon population), and varying the quench type (forward or backward) and the quench time-length. For each configuration, the interaction time s of the free evolution under the scalar coupling in fig. 6 was varied through 360 equally-spaced values; each realisation corresponds to an independent experiment with an average over a set of identical and independent molecules. A typical output of the characteristic function reconstruction algorithm is shown in fig. 7a , where each data point corresponds Figure 6 . a, Sequence for the forward process (α = 0). b, Sequence for the backward process (α = τ). We start from the pseudo-pure state |0 H 0| ⊗ ρ to an independent experiment for each scalar interaction parameter s. The inverse Fourier transform of the transverse magnetization (the work distribution P F (W)) is displayed in fig. 7b . From Eq. (6), we would expect to observe four peaks, since we have a quenched two-level system. Furthermore, we expect the peaks to be located around {±(ν 0 ± ν τ )}, which correspond to the frequencies {−2.8, −0.8, +0.8, +2.8} kHz considering the parameters used in our setup (ν 0 = 1.0 kHz and ν τ = 1.8 kHz). The peaks in fig. 7b are proportional to the probabilities p 
Estimation of the net difference in free energy
The Crooks theorem can be used to experimentally estimate the free energy difference in our non-equilibrium dynamics. We have performed a set of experiments for different quenches with timelengths of τ = 100, 200, 260, 320, 420, 500, and 700 µs. For each quench time-length, we performed both the forward and backward protocols (as described in fig. 6 ). The ratio between the forward and backward work distributions are plotted in a logarithmic scale in fig. 8 for the different quenches, where we found the best fitting line to the equation (which represents the Crooks theorem):
The data points in fig. 8 represent the ratio
only for the inner peaks of the work distributions. Since these points have themselves an uncertainty (from the Fourier analyses), the linear adjustment also has an uncertainty, which is represented by shaded regions in fig. 8 . The angular coefficient of the linear fitting is the inverse spin temperature β while the linear coefficient is the product β∆F.
Entropy production expanded in terms of the cumulants of the work distribution (in logarithmic scale) for different quench time-lengths. Symbols represent experimental data; the dashed line and shaded regions represent the best linear fit and its estimated uncertainty, respectively. The net difference in the free energy, ∆F, can be obtained from the interception of the curves and the yellow dashed line (where P F (W) = P B (−W) and βW = β∆F).
The Jarzynksi equality allows one to write the free-energy difference as ∆F = −β −1 ln e −βW , which can be plugged in Eq. (5) resulting in the following expansion
with {κ n (β)} the set of cumulants of the work distribution. The first two cumulants are the work average, κ 1 = W , and the work-distribution variance, κ 2 = (∆W) 2 = (W − W ) 2 , respectively. As a first approximation, the mean produced entropy is proportional to the work-distribution variance. If the system presents a linear response to the driving protocol, the relation Σ LR = β 2 (∆W) 2 /2 turns out to be a very good approximation. Moreover, at macroscopic scales, the total work involves, in general, a sum of many independent random variables. In this case, the Central Limit Theorem implies that the total work distribution converges to a Gaussian one, for which all cumulants of order higher than two vanish, making the above approximation exact. In our experiment, we are dealing with the microscopic behaviour of a single quantum system driven by a quenched evolution, which leads to the entropy production distribution (and also the work distribution) notably non-Gaussian, as can be observed in fig. 3 of the main text and also in fig. 7 . Furthermore our spin system responds in a non-linear way to the field quench as noted in fig. 2a ,b of the main text. The system magnetization acquires a longitudinal component during the dynamics driven by a fast time-varying Hamiltonian in the transverse direction. These facts introduce a finite deviation from the expectations of linear response theory as observed in fig. 5 of the main text. We can also note in this figure that for a "long time-length" quench the mean entropy produced tend to a finite value, since we have a closed system dynamics (it has no thermalisation along the quench protocol). The numerical simulations curves, dashed lines plotted in fig. 5 of the main text, were obtained through a numerical integration of the conditional transition probabilities, p
2 (employing a code written in Python with the aid of the QuTip toolbox 13 ), from which we can compute P(W), P(Σ), Σ , and Σ LR .
Derivation of the microscopic expression for the entropy production (Eq. (1) of the main text)
For the sake of completeness we will discuss here a derivation of Eq. (1) in the main text, which will also be very instructive for the purpose of the present article. Let us consider the scenario described in fig. 1 of the main text. The mean entropy production Σ = β W − β∆F in the forward protocol can be written as
where ∆F = β −1 ln (Z 0 /Z τ ) is the free energy difference between the equilibrium states ρ 
for t = 0 and t = τ. Using the identification (11) in Eq. (10), we obtain Σ = − tr ρ 
This derivation did not assume any particular relationship between ρ eq 0 and ρ F τ . The assumption of a closed, unitary dynamics implies that von Neumann entropies of initial and final states are equal, and the irreversible entropy produced during the quench is exactly given by the Kullback-Leibler divergence of the final nonequilibrium state and the equilibrium state of the final Hamiltonian. In addition, the assumption of unitary dynamics allows us to prove that the Kullback-Leibler divergence between the forward and backward dynamics is constant during the quench, i.e., S ρ 
We note that the intermediate states during the quench are ρ V τ−t = −iH t V τ−t , which is the same equation as that for U t , but with a different initial condition, namely that V τ−t | t=τ = 1 1.
By inspection of the structure of Schrödinger equation, we are allowed to right-multiply one solution by any constant operator to obtain another solution for a different initial condition. Doing that, we obtain a relation between the forward and backward dynamics as
To prove Eq. (1) of the main text, we shall investigate the time evolution of both terms in Eq. (13) . The term tr ρ 
where Eq. (14) was used in the last-but-one equality. This shows that S ρ 14 .
